Chapter 8
Survey Weighting and the Calculation of Sampling Variance

Survey weights are required to analyse PISA data, to calculate appropriate estimates of
population parameters, their sampling error, and to make valid estimates and inferences of the
population. The PISA Consortium calculated survey weights for all assessed, ineligible and
excluded students, and provided variables in the data that permit users to make approximately
unbiased estimates of population parameters, of standard errors, conduct significance tests and
create confidence intervals appropriately, taking into account the complex sample design used
to select individual participants for PISA.

SURVEY WEIGHTING

While the students included in the final PISA sample for a given country/economy were chosen
randomly, the selection probabilities of the students vary. Survey weights must be incorporated
into the analysis to ensure that each participating student appropriately represents the correct
number of students in the full PISA population. Sampling weights are used to control the
proportional contribution of each participating unit to the overall population estimate.

There are several reasons why the survey weights are not the same for all students in a given
country/economy:

e A school sample design may intentionally over or under-sample certain sectors of the
school population: in the former case, so that they could be effectively analysed separately
for national purposes, such as a relatively small but politically important province or region,
or a sub-population using a particular language of instruction; and in the latter case, for
reasons of cost, or other practical considerations, such as very small or geographically
remote schools. Note that this is not the same as excluding certain portions of the school
population. This also happened in some cases, but this cannot be addressed adequately
using survey weights.

e Auvailable information about school size at the time of sampling may not have been
completely accurate. If a school had a large student body, the selection probability was
based on the assumption that only a sample of students from the school would participate
in PISA. But if the school turned out to be small, all students would be included. In this
scenario, there was a higher probability that the students would be selected in the sample
than planned, making their inclusion probabilities higher than those of most other students
in the sample. On the other hand, if a school, that was expected to be small, was actually
large, the students included in the sample would have smaller selection probabilities than
others.

e School non-response, where no replacement school participated, may have occurred,
leading to the under-representation of students from that kind of school, unless weighting
adjustments were made. It is also possible that only part of the PISA-eligible population in
a school (such as those 15-year-old students in a particular grade) were represented by its
student sample, which also requires weighting to compensate for the missing data from the
omitted grades.

e Student non-response, within participating schools, occurred to varying extents. Sampled
students who were PISA-eligible and not excluded, but did not participate in the assessment
for reasons such as absences or refusals, would be under-represented in the data unless
weighting adjustments were made.



e Trimming the survey weights to prevent undue influence of a relatively small subset of the
school or student sample might have been necessary if a small group of students would
otherwise have much larger weights than the remaining students in the participant. Such
large survey weights can lead to estimates with large sampling errors and inappropriate
representations in the national estimates. Trimming survey weights introduces a small bias
into estimates but greatly reduces standard errors (Kish, 1992).

e In countries/economies that opted to participate in the financial literacy study, additional
students were selected in all schools. Since the financial literacy sample was also designed
to represent the full PISA student population, the weights for the sampled students were
adjusted to account for this. Different adjustment factors applied to each student’s weight,
depending on which assessment form the student was assigned to.

The procedures used to derive the survey weights for PISA reflect the standards of best
practice for analysing complex survey data, and the procedures used by the world’s major
statistical agencies. The same procedures are used in other international studies of
educational achievement such as the Trends in International Mathematics and Science Study
(TIMSS) and the Progress of International Literacy study (PIRLS), among others. The
underlying statistical theory for the analysis of survey data can be found in Cochran (1977),
Lohr (2010) and S&rndal, Swensson and Wretman (1992).

Weights are generally applied to student-level data for analysis. The weight (Wj;) for student j
in school i consists of two base weights, the school base weight and the within-school base
weight, and four adjustment factors, and can be expressed as:
Formula 8.1

Wij = {[(wy; * ty;) * fri] * (Waij * f2i5)} * Loy
Where:

wi; (the school base weight) is given as the reciprocal of the probability of inclusion of school
I into the sample;

t1i is a school base weight trimming factor, used to reduce unexpectedly large values of wi;;

f1i is an adjustment factor to compensate for non-participation by other schools that are
somewhat similar in nature to school i (not already compensated for by the participation of
replacement schools);

W2ij (the within-school base weight) is given as the reciprocal of the probability of selection of
student j from within the selected school i;

f2ij 1s an adjustment factor to compensate for non-participation by students within the same
school non-response cell and explicit stratum, and, where permitted by the sample size, within
the same high/low grade and gender categories; and

toij is a final student weight trimming factor, used to reduce the weights of students with
exceptionally large values for the product of all the preceding weight components.



The school base weight

The term ws; is referred to as the school base weight. For the systematic sampling with
probability proportional-to-size method used in sampling schools for PISA, this weight is the
reciprocal of the selection probability for the school, and is given as:

Formula 8.2

wo=| 1, /Mos,. it MOS, <1,

1 otherwise

The term MOS; denotes the measure of size given to each school on the sampling frame.

The term 1y denotes the sampling interval used within the explicit sampling stratum g that
contains school i and is calculated as the total of the MOS; values for all schools in stratum g,
divided by the school sample size for that stratum.

The measure of size (MOS;) was set as equal to the estimated number of 15-year-old students
in the school (EST;), if it was greater than the predetermined target cluster size (TCS), which
was 42 students for most participants that did a computer-based assessment, and 35 for most
participants that did a paper-based assessment, or a computer based assessment without GC.
For smaller schools the MOS; value is given via the following formula, where again, EST;
denotes the estimated number of 15-year-old students in the school:

Formula 8.3
MQOS;= EST; if EST; > TCS;
=TCS if TCS>ESTi>TCS/2;
=TCS/2if TCS/2 > EST; > 2;
=TCS/4if ESTi=0, 1 or 2.

These different values of the measurement of size (MOS) are intended to minimise the impact
of small schools on the variation of the weights, while recognising that the per student cost of
assessment is greater in small schools.

Thus, if school i was estimated to have one hundred 15-year-old students at the time of sample
selection then MOS; = 100. And, if the participant had a single explicit stratum (g = 1) and the
total of the MOS; values of all schools was 150,000 students, with a school sample size of 150,
then the sampling interval, I, = 150,000/150 = 1,000, for school i and others in the sample,
giving a school base weight of wi; = 1,000/100 = 10. Thus, the school should represent about
10 schools in the population. In this example, any school with 1,000 or more 15-year-old
students would be included in the sample with certainty, with a base weight of wi; = 1 as the
MOS; is larger than the sampling interval. In the case where one or more schools have a MOS;
value that exceeds the relevant sampling interval value (1), these schools become certainty
selections, and the value of I is recalculated after removing them.



The school base weight trimming factor

Once school base weights were established for each sampled school in the participating
country/economy, verifications were made separately within each explicit sampling stratum to
determine if the school base weights required trimming.

The school trimming factor (t1;) is the ratio of the trimmed to the untrimmed school base weight,
and for most schools (and therefore most students in the sample) is equal to 1.

The school-level trimming adjustment was applied to schools that turned out to be much larger
than was assumed at the time of school sampling. Schools where the 15-year-old student
enrolment exceeded 3 x MAX(TCS, MOS;) were flagged. For example, if the target cluster size
(TCS) was 42 students, then a school flagged for trimming had more than 126 (= 3 x 42) PISA-
eligible students, and more than 3 times as many students as was indicated on the school
sampling frame. Because the student sample size was set at TCS regardless of the actual
enrolment, the student sampling rate was much lower than anticipated during the school
sampling. This meant that the weights for the sampled students in these schools would have
been more than three times greater than anticipated when the school sample was selected. These
schools had their school base weights trimmed by having MOS; replaced by 3 x MAX(TCS,
ENR;)) in the school base weight formula. This means that if the sampled students in the school
would have received a weight more than three times larger than expected at the time of school
sampling (because their overall selection probability was less than one-third of that expected),
then the school base weight was trimmed so that such students received a weight that was
exactly three times as large as the weight that was expected. The choice of the value of three
as the cut-off for this procedure was based on experience with balancing the need to avoid
variance inflation, due to weight variation that was not related to oversampling goals, but to
not introduce any substantial bias by altering many student weights to a large degree. The
school trimming happened in about 18% of all participating countries/economies. There were
three and four school weights trimmed for Australia and Indonesia, respectively. In the
remaining participants where some trimming was needed only one or two school weights were
trimmed.

The school non-response adjustment

In order to adjust for the fact that those schools that declined to participate, and were not
replaced, were not in general typical of the schools in the sample as a whole, school-level non-
response adjustments were made. Within each participating country/economy sampled schools
were formed into groups of similar schools by the international sampling and weighting
contractor. Then within each group the weights of the responding schools were adjusted to
compensate for the missing schools and their students.

The compositions of the non-response groups varied from participant to participant, but the
original adjustment groups for all participants were based on cross-classifying the explicit and
implicit stratification variables used at the time of school sample selection. Usually, about 10
to 40 such groups were formed within a given country/economy depending upon school
distribution with respect to stratification variables. If a country/economy provided no implicit
stratification variables, schools were divided into three roughly equal groups, within each
explicit stratum, based on their enrolment size.



It was desirable to ensure that each group had at least six participating schools, as small groups
could lead to unstable weight adjustments, which in turn would inflate the sampling variances.
Adjustments greater than 2.0 were also flagged for review, as they could have caused increased
variability in the weights and would have led to an increase in sampling variances. It was not
necessary to collapse groups where all schools participated, as the school non-response
adjustment factor was 1.0 regardless of whether groups were collapsed or not. However, such
groups were sometimes collapsed to ensure that enough responding students would be available
for the student non-response adjustments in a later weighting step. In either of these situations,
groups were generally collapsed starting from the last implicit stratification variable until the
violations no longer existed. In participants with very high overall levels of school non-
response after school replacement, some explicit strata were collapsed.

Within the final school non-response adjustment group containing school i, the non-response
adjustment factor was calculated as:

Formula 8.4
> wyenr(k)

f = keQ(i)
> wyenr(k)

kel (i)

where the sum in the denominator is over I'(i), which are the schools, k, within the group
(originals and replacements) that participated, while the sum in the numerator is over Q(i),
which are those same schools, plus the original sample schools that refused and were not
replaced. The numerator estimates the population of 15-year-old students in the group, while
the denominator gives the size of the population of 15-year-old students directly represented
by participating schools. The school non-response adjustment factor ensures that participating
schools are weighted to represent all students in the group. If a school did not participate
because it had no PISA-eligible students enrolled, no adjustment was necessary since this was
considered neither non-response nor under-coverage.

Table 8.1 shows the number of school non-response classes that were formed for each
participant, and the variables that were used to create the cells.

Table 8.1: School Non-response classes

The within-school base weight

The term wyj; is referred to as the within-school base weight. With the PISA procedure for
sampling students, wsjj did not vary across students (j) within a particular school i. That is, all
of the students within the same school had the same probability of selection for participation
in PISA. This weight is given as:

Formula 8.5

Wy;j = enr;/sam;

where enr; is the actual enrolment of 15-year-old students in the school on the day of the
assessment (and so, in general, is somewhat different from the MOS;), and sam; is the sample



size within school i. It follows that if all PISA-eligible students from the school were selected,
then wyj; = 1 for all eligible students in the school. For all other cases w.jj >1 as the selected
student represents a proportion of students in the school.

In the case of the grade sampling option, for direct-sampled grade students, the sampling
interval for the extra grade students was the same as that for the PISA students. Therefore,
participants with extra direct-sampled grade students (e.g. Iceland) have the same within school
student weights for the extra grade students as those for PISA-eligible students from the same
school.

Additional weight components were needed for the grade students in Germany. The extra
weight component consisted of the class weight for the selected class(es). The use of whole-
classroom sampling for the grade samples resulted in the need for a separate weighting process.

The within school non-response adjustment

Within each final school non-response adjustment cell, explicit stratum and high/low grade,
gender, and school combination, the student non-response adjustment f,; was calculated as:

Formula 8.6

z fliwliWZik

f _ keX(i)

2iT T~
z £ W, W

keA(i)
where

A(i) is all assessed students in the final school non-response adjustment cell and explicit
stratum-grade-gender-school combination; and,

X(i) is all assessed students in the final school non-response adjustment cell and explicit
stratum-grade-gender-school combination plus all others who should have been assessed (i.e.
who were absent, but not excluded or ineligible).

The high- and low-grade categories in each participating country/economy were defined so that
each grade category contained a substantial proportion of the PISA population in each original
explicit stratum or final school non-response adjustment groups where collapsing crossed
explicit strata. The definition was then applied to all schools in the same original explicit
stratum or in the same final school non-response adjustment group.

In most cases, the student non-response factor reduces to the ratio of the number of students
who should have been assessed to the number who were assessed. In some cases of a small (i.e.
fewer than 15 respondents) cell (i.e. final school non-response adjustment cell and explicit
stratum-grade-gender-school category combinations) sizes, it was necessary to collapse cells
together, and then apply the more complex formula shown above. Additionally, an adjustment
factor greater than 2.0 was not allowed for the same reasons noted under school non-response
adjustments. If this occurred, the cell with the large adjustment was collapsed with the closest
cell within grade and gender combinations in the same school non-response cell and explicit
stratum.



Some schools in some participating countries/economies had extremely low student response
levels. In these cases it was determined that the small sample of assessed students within the
school was potentially too biased as a representation of the school to be included in the final
PISA dataset. For any school where the student response rate was below 25%, the school was
treated as a non-respondent, and its student data were removed. In schools with between 25
and 50% student response, the student non-response adjustment described above would have
resulted in an adjustment factor of between 2.0 and 4.0, and so the grade-gender cells of these
schools were collapsed with others to create student non-response adjustments. Chapter 11
describes these schools as being treated as non-respondents for the purpose of response rate
calculation, even though their student data were used in the analyses.

For participating countries/economies with extra direct grade sampled students (Iceland), care
was taken to ensure that student non-response cells were formed separately for PISA students
and the extra non-PISA grade students. No procedural changes were needed for Germany and
Italy since a separate weighting stream was needed for the grade students.

Trimming the student weights

This final trimming check was used to detect individual student weights that were unusually large
compared to those of other students within the same original explicit stratum. The sample design
was intended to give all students from within the same original explicit stratum an equal
probability of selection and therefore equal weight, in the absence of school and student non-
response. As already noted, poor prior information about the number of eligible students in each
school could lead to substantial violations of this equal weighting principle. Moreover, school,
grade, and student non-response adjustments, and, occasionally, inappropriate student sampling
could, in a few cases, accumulate to give a few students in the data relatively large weights, which
adds considerably to the sampling variance. The weights of individual students were therefore
reviewed, and where the weight was more than four times the median weight of students from the
same explicit sampling stratum, it was trimmed to be equal to four times the median weight for
that explicit stratum. The trimming of student weights happened in about 11% of all participating
countries/economies.

The student trimming factor (t2;;) is equal to the ratio of the final student weight to the student
weight adjusted for student non-response within each explicit stratum, and therefore equal to
1.0 for the great majority of students. The final weight variable on the data file is the final
student weight that incorporates any student-level trimming. As in all previous PISA cycles,
minimal trimming was required at either the school or the student levels.

National option students

Other than class-based grade sampling, three participants had national option students, each of
which required a separate weighting stream. The extra weighting stream followed all the usual
weighting steps. The Ireland Fall Feasibility Study was an extra sample to Ireland main spring
sample. It was selected separately and overlap controlled with the main Ireland sample. Spain
had a FL subsample of its national sample. Russia’s FL sample was a national option and was
selected separately from its main sample and adjudicated region samples. In addition, Russia
had its 3 adjudicated region samples which were on different weighting streams.

Several other countries/economies also had national option students but, in these cases,
weighting was done along with the PISA students (i.e. Iceland and Denmark) if weights were



required. For Luxembourg, the form of the national option meant that these students did not
require weighting. Specifics about national options are beyond the scope of this report.

International options

For the teacher questionnaire, no weights were required nor calculated, given the way the
samples were selected and the way these data were analysed. For financial literacy, special
weight factors were applied at the end of weighting to ensure that in the FL database, the sum
of weights of the financial literacy students would still approximate the PISA population. The
unweighted teacher questionnaire response rates were calculated to be used as quality
indicators, if needed. The weighted financial literacy response rates were also calculated.

CALCULATING SAMPLING VARIANCE

A replication methodology was employed to estimate the sampling variances of the PISA
parameter estimates. This methodology accounted for the variance in estimates due to the
sampling of schools and students. Additional variance due to the use of plausible values drawn
from the posterior distributions of scaled scores was captured separately as measurement error.
Computationally the calculation of these two components could be carried out in a single
program, such as WesVar 5 (Westat, 2007). SPSS and SAS macros have also been developed.
For further detail, see the PISA Data Analysis Manual, 2" edition (OECD, 2009), and other
information posted at http://www.oecd.org/pisa/data/.

The balanced repeated replication variance estimator

The approach used for calculating sampling variances for PISA estimates is known as balanced
repeated replication (BRR), or balanced half-samples. The particular variant known as Fay’s
method was used. This method is similar in nature to the jackknife method used in other
international studies of educational achievement, such as TIMSS and PIRLS, and it is well
documented in the survey sampling literature (see Rust, 1985; Rust and Rao, 1996; Shao, 1996;
Wolter, 2007). The major advantage of the balanced repeated replication (BRR) method over
the jackknife method is that the jackknife is not fully appropriate for use with non-differentiable
functions of the survey data, most noticeably quantiles, and for which the jackknife methods
does not provide a statistically consistent estimator of variance. This means that, depending
upon the sample design, the variance estimator can be unstable, and despite empirical evidence
that it can behave well in a PISA-like design, theory is lacking. In contrast the BRR method
does not have this theoretical flaw. The standard BRR procedure can become unstable when
used to analyse sparse population subgroups, but Fay’s method overcomes this difficulty, and
is well justified in literature (Judkins, 1990).

The BRR method was implemented for a country/economy where the student sample was
selected from a sample of schools, rather than all schools, as follows:

e Schools were paired on the basis of the explicit and implicit stratification and frame
ordering used in sampling. The pairs were originally sampled schools, except for
participating replacement schools that took the place of an original school. For an odd
number of schools within a stratum, a triple was formed consisting of the last three schools
on the sorted list.



Pairs were numbered sequentially, 1 to H, with pair number denoted by the subscript h.
Other studies and the literature refer to such pairs as variance strata, variance zones, or
pseudo-strata.

Within each variance stratum, one school was randomly numbered as 1, the other as 2 (and
the third as 3, in a triple), which defined the variance unit of the school. Subscript j refers
to this numbering.

These variance strata and variance units (1, 2, 3) assigned at school level were attached to
the data for the sampled students within the corresponding school.

Let the estimate of a given statistic from the full student sample be denoted as X*. This was
calculated using the full sample weights.

A set of 80 replicate estimates, X't (where t runs from 1 to 80), was created. Each of these
replicate estimates was formed by multiplying the survey weights from one of the 2 schools
in each stratum by 1.5, and the weights from the remaining school by 0.5. The
determination as to which schools received inflated weights, and which received deflated
weights, was carried out in a systematic fashion, based on the entries in a Hadamard matrix
of order 80. A Hadamard matrix contains entries that are +1 and —1 in value, and has the
property that the matrix, multiplied by its transpose, gives the identity matrix of the same
order. Details concerning Hadamard matrices are given in Wolter (2007). The choice to use
80 replicates was made at the outset of the PISA project, in 2000. This number was chosen
because it is “fully efficient” if the sample size of schools is equal to the minimum number
of 150 (in the sense that using a larger number would not improve the precision of variance
estimation), and because having too large a number of replicates adds computational
burden. In addition the number must be a multiple of 4.

In cases where there were 3 units in atriple, either one of the schools (designated at random)
received a factor of 1.7071 for a given replicate, with the other 2 schools receiving factors
of 0.6464, or else the one school received a factor of 0.2929 and the other 2 schools received
factors of 1.3536. The explanation of how these particular factors came to be used is
explained in Appendix 12 of the PISA 2000 Technical Report (Adams and Wu, 2002).

To use a Hadamard matrix of order 80 requires that there be no more than 80 variance strata
within a country/economy, or else that some combining of variance strata be carried out
prior to assigning the replication factors via the Hadamard matrix. The combining of
variance strata does not cause bias in variance estimation, provided that it is carried out in
such a way that the assignment of variance units is independent from one stratum to another
within strata that are combined. That is, the assignment of variance units must be completed
before the combining of variance strata takes place, and this approach was used for PISA.
The reliability of variance estimates for important population subgroups is enhanced if any
combining of variance strata that is required is conducted by combining variance strata
from different subgroups. Thus in PISA, variance strata that were combined were selected
from different explicit sampling strata and also, to the extent possible, from different
implicit sampling strata.

In some countries/economies, it was not the case that the entire sample was a two-stage
design, of first sampling schools and then sampling students within schools. In some
countries/economies for part of the sample (and for the entire samples for Cyprus*, Iceland,
Luxembourg, Macao (China), Malta, Qatar, and Trinidad and Tobago), schools were
included with certainty into the sampling, so that only a single stage of student sampling
was carried out for this part of the sample. In these cases instead of pairing schools, pairs
of individual students were formed from within the same school (and if the school had an
odd number of sampled students, a triple of students was formed). The procedure of
assigning variance units and replicate weight factors was then conducted at the student
level, rather than at the school level.



e Incontrast, in one country, Russia, there was a stage of sampling that preceded the selection
of schools. Then the procedure for assigning variance strata, variance units and replicate
factors was applied at this higher level of sampling. The schools and students then inherited
the assignment from the higher-level unit in which they were located.

e Procedural changes were in general not needed in the formation of variance strata for
countries/economies with extra direct grade sampled students (Iceland) since the extra
grade sample came from the same schools as the PISA students. However, since all schools
in Iceland were certainty schools, students within the schools were paired so that PISA non-
grade students were together, PISA grade students were together and non-PISA grade
students were together. No procedural changes were required for the grade students for
Germany and Italy, since a separate weighting stream was needed in these cases.

The variance estimator is then given by the following formula:

Formula 8.7

Verr (x*) = 0-052{(xt* - x*)z}

The properties of BRR method have been established by demonstrating that it is unbiased and
consistent for simple linear estimators (i.e. means from straightforward sample designs), and
that it has desirable asymptotic consistency for a wide variety of estimators under complex
designs, and through empirical simulation studies.

Reflecting weighting adjustments

This description does not detail one aspect of the implementation of the BRR method. Weights
for a given replicate are obtained by applying the adjustment to the weight components that
reflect selection probabilities (the school base weight in most cases), and then re-computing
the non-response adjustment replicate for each replicate.

Implementing this approach required that the PISA Consortium produce a set of replicate
weights in addition to the full sample weight. Eighty such replicate weights were needed for
each student in the data file. The school and student non-response adjustments were
recalculated and applied to each set of replicate weights.

To estimate sampling errors correctly, the analyst must use the variance estimation formula
above, by deriving estimates using the t set of replicate weights. Because of the weight
adjustments (and the presence of occasional triples), this does not mean merely increasing the
final full sample weights for half the schools by a factor of 1.5 and decreasing the weights from
the remaining schools by a factor of 0.5. Many replicate weights will also be slightly disturbed,
beyond these adjustments, as a result of repeating the non-response adjustments separately by
replicate.

Formation of variance strata

With the approach described above, all original sampled schools were sorted in stratum order
(including refusals, excluded and ineligible schools) and paired. An alternative would have
been to pair participating schools only. However, the approach used permits the variance
estimator to reflect the impact of non-response adjustments on sampling variance, which the



alternative does not. This is unlikely to be a large component of variance in any PISA
country/economy, but the procedure gives a more accurate estimate of sampling variance.

Countries/economies where all students were selected for PISA

In Brunei Darussalam, Iceland, Luxembourg, Macao (China), Malta, and Qatar, all PISA-
eligible students were selected for participation in PISA. It might be unexpected that the PISA
data should reflect any sampling variance in these countries/economies, but students have been
assigned to variance strata and variance units, and the balanced repeated replication (BRR)
method does provide a positive estimate of sampling variance for two reasons. First, in each
country/economy there was some student non-response. Not all PISA-eligible students were
assessed, resulting in sampling variance. Second, the intent is to make inference about
educational systems and not particular groups of individual students, so it is appropriate that a
part of the sampling variance reflect random variation between student populations, even if
they were to be subjected to identical educational experiences. This is consistent with the
approach that is generally used whenever survey data are used to try to make direct or indirect
inference about some underlying system.
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